The aim of this paper is to consider the relation between Lie-isoclinism and isomorphism of two pairs of Leibniz algebras. We show that, unlike the absolute case for finite dimensional Lie algebras, these concepts are not identical, even if the pairs of Leibniz algebras are Lie-stem. Moreover, throughout the paper we provide some conditions under which Lie-isoclinism and isomorphism of Lie-stem Leibniz algebras are equal. In order to get this equality, the concept of factor set is studied as well.
Introduction
The isoclinism in group theory, that is an equivalence relation on groups which generalizes isomorphism, was first introduced by Hall [9] for the purpose of classifying finite p-groups of small order. This concept was studied by several authors, including Tappe [18] and Weichsel [19] . In 1994, Moneyhun [17] extended this concept to Lie algebras that produces a partition on the class of all Lie algebras into equivalences classes. By this equivalence relation, she showed that the isoclinic family of Lie algebras contains at least one stem Lie algebra. Also, she proved that the concepts of isoclinism and isomorphism between Lie algebras of the same finite dimension are identical. The isoclinism of a pair of Lie algebras was studied by Moghaddam et al. [15] in 2009. They generalised the first result of Moneyhun for the pair of Lie algebras. In addition, it showed that two pairs of finite dimensional stem Lie algebras are isoclinic if and only if they are isomorphic. A passage to the similar to the above, for the central extension of Lie algebras (in [16] ) present, under some conditions, the same result.
In the last decades, a prominent research line consists in the extension of properties from Lie algebras to Leibniz algebras, which are non-anti-commutative versions of Lie algebras [13, 14] . In more detail, a vector space q equipped with a bilinear The investigations on Leibniz algebras theory show that some results of the theory of Lie algebras can be extended to Leibniz one. It is of interest to know whether the above mentioned works, in particular, the equivalence between isoclinism and isomorphism in presence of finite dimension, [15, 17] , are still true for the Leibniz algebras. So the main goal of this paper is to answer this question, for that we focus in the relative framework, that is the context relative to the Liezation functor as we explain below.
In the papers [1, 5] was initiated a study of properties of Leibniz algebras relative to the Liezation functor, which assigns to a Leibniz algebra q the Lie algebra q Lie = q/ {[x, x] : x ∈ q} , as opposed to the absolute ones, the corresponding to the abelianization functor. The origin of this point of view comes from the general theory of central extensions relative to a chosen subcategory of a base category introduced in [10] and considered in the context of semi-abelian categories relative to a Birkhoff subcategory in [11] .
Continuing with this study, in the first section, we introduce the concept of Lieisoclinism for pairs of Leibniz algebras that is an equivalence relation. Similar to the pair of Lie algebras, [15] , we prove that Lie-isoclinic family of Leibniz algebras contains at least one Lie-stem Leibniz algebra which is the smallest dimension and
give some results about this concept, as well.
In section 3, we use a function, named factor set, which is introduced by nonabelian extension of Leibniz algebras. Note that, this function (without indicating on factor set) has given by Liu et al. [12] to classify non-abelian extensions of Leibniz algebras by the second non-abelian cohomology of Leibniz algebras.
Finally, in section 4, we show that two pairs of the same finite dimensional Lieisoclinic (Lie-stem) Leibniz algebras are not isomorphic and indicate some relevant counterexamples. Moreover, by using the concept of factor set, we present as our main result some conditions that Lie-isoclinism and isomorphism, for finite dimensional Lie-stem Leibniz algebras, are equal.
Throughout, all Leibniz algebras are considered over a fixed field K, unless otherwise stated. Our basic assumptions are the following. Definition 1.1. Let m be a two-sided ideal of the Leibniz algebra q, then (m, q) is said to be a pair of Leibniz algebras. Definition 1.2. The Lie-commutator and Lie-center of the pair of (m, q) are both two-sided ideals of q contained in m
Remark 1.3. When m = q, then Z Lie (q, q) coincides with the Lie-center of q given in [5] .
Lie-isoclinism of pairs of Leibniz algebras
We begin with the following definition which is the corresponding relative version of the isoclinism of Lie algebras given in [15] (absolute case for Lie algebras).
Definition 2.1. The pairs of Leibniz algebras (m i , q i ), i = 1, 2, are said to be Lie-
In this case, the pair (α, β) is called a Lie-isoclinism between (m 1 , q 1 ) and (m 2 , q 2 ) and we write (m 1 , q 1 ) ∼ (m 2 , q 2 ).
The following Proposition provides an equivalent condition for Lie-isoclinism between two pairs of Leibniz algebras.
, i = 1, 2, be the canonical surjective homomorphisms and α :
Proof. Direct checking. It is easy to check that the map γ :
, given by
is an isomorphism.
On the other hand, the restriction of γ provides the surjective homomorphism
Moreover it is easy to check that β is injective. Now the commutativity of diagram (1) is obvious. Proof. Let (m, q) and (n, p) be arbitrary pairs in C and assume that (n, p) is a Liestem pair such that p is finite-dimensional. Then we have
Conversely, let (n, p) be in the family C such that p has the minimum dimension.
Owing to Theorem 2.9 there is a two-sided ideal t of p contained in Z Lie (n, p) such
But p has minimum dimension, which implies that t = 0, therefore Z Lie (n, p) ⊆ [n, p] Lie and this completes the proof.
The above Theorem provides the following interesting consequence which will be used in the sequel and our main result in the last section. 
. Now the Snake Lemma [2] yields β | is a surjective homomorphism and so β(Z Lie (m, q)) = Z Lie (n, p). Moreover the left hand square is a pull-back diagram, then β | is a monomorphism. Therefore Z Lie (m, q) ∼ = Z Lie (n, p).
Factor sets of a pair of Leibniz algebras
Chevalley and Eilenberg in [6] defined the factor sets for Lie algebras and now we recall factor sets for Leibniz algebras from [12] and we analyze the interplay with the concepts relative to the Liezation functor for a pair of Leibniz algebras. x, y ∈ q * , there is an element f (x, y) ∈ m such that
The linear map f is called the factor set corresponding to the function τ .
For any x, y, z ∈ q * , the following identities concerning factor sets hold:
From the above identities, the following equation is immediately derived:
Given a splitting τ , we define on the K-vector space m ⊕ q * the bracket operation
A routine computation having in mind equation (2) shows that (m ⊕ q
Leibniz algebra, which will be denoted m × f q * .
Note that τ is a homomorphism if and only if f (x, y) = 0, for all x, y ∈ q * , that 
This notation and the previous Lemma give rise to the following such that
Proof. Let the pair (α, β) be the Lie-isoclinism between (m, q) and (n, p). By Corollary 2.11 we have the isomorphism β : Z Lie (m, q) ∼ = Z Lie (n, p) and owing to Lemma 3.2 there exists a factor set g : n/Z Lie (n, p) × n/Z Lie (n, p) −→ Z Lie (n, p) such that n ∼ = n g . Hence we define the map f :
which is β −1 of the factor set corresponding to ρ 2 • α, where ρ 2 is the splitting of π 2 : n ։ n/Z Lie (n, p). One readily see that the mapping
, is an isomorphism, as required. Proof. We consider the following commutative diagram:
Lie , for allm ∈ m/Z Lie (m, q), and η 2 : Z Lie (m, q) −→ Z Lie (n, p) given by η(z, 0) = (η 2 (z), 0), for any z ∈ Z Lie (m, q). It is easy to check that η 1 and η 2 are isomorphisms. 
for all (z 1 ,m 1 ), (z 2 ,m 2 ) ∈ m f , where µ and ν are the corresponding splittings of π 1 : m ։ m/Z Lie (m, q) and π 2 : n ։ n/Z Lie (n, p) associated to f and g, respectively.
Proof. By Lemma 3.4, for allm ∈ m/Z Lie (m, q) and z ∈ Z Lie (m, q), there exists
Lie such that η(0,m) = (0, η 1 (m)) + (z η 1 (m) , 0). We define the map d : η 1 (m) ), 0). Applying this equality, for all (z 1 ,m 1 ), (z 2 ,m 2 ) ∈ m f , one gets,
On the other hand,
Now the statement follows from the equality of the first component of both computations.
Under assumptions of above Proposition and Proposition 3.3 we have the following isomorphism between pairs of Leibniz algebras:
4 Lie-isoclinism and isomorphism between pairs of
Leibniz algebras
If two pairs of Leibniz algebras are isomorphic, it is easy to check that they are Lieisoclinic. But in this chapter, we show that the converse is not necessarily valid for finite dimensional (Lie-stem) Leibniz algebras, whereas isoclinic and isomorphism are equal for finite dimensional (stem) Lie algebras [17] , and Pair of (stem) Lie algebras [15] . Nevertheless, we provide some conditions that these concepts are equal for finite dimensional Lie-stem Leibniz algebras. Now we define isomorphisms ω :
given by ω(a i ) = g i , i = 1, 3,
One easily verifies that p and q are Lie-isoclinic.
In certain circumstances, even with additional conditions like the Leibniz algebras are Lie-stem, this result is not true, as well. In the following, we investigate 
We define ω : . Take the twosided ideal n = span{a 1 , a 2 , a 3 } of p. Then (n, p) is a Lie-stem pair since Z Lie (n, p) = span{a 2 } and [n, p] Lie = span{a 1 , a 2 , a 3 }. Now we define the isomorphisms ω : Now it is easy to check that ω and τ are isomorphism making diagram (1) commutative, hence (m, q) and (n, p) are Lie-isoclinic.
The aim of the rest of the paper is to find conditions under what Lie-isoclinism between two Lie-stem Leibniz algebras implies their isomorphism. Then m and n are isomorphic.
Proof. First of all, we claim that (m, q) and (n, p) are Lie-stem pairs. Indeed,
Owing to Proposition 3.3, there exist two factor sets f :
→ Z Lie (n, p) such that n ∼ = m f and m ∼ = n g . Let (ω, τ ) be the Lie-isoclinism between m f and n g provided by Corollary 2.4, then the following diagram is commutative,
We know that:
On the other hand, from the following diagram 
Lie . Now we define τ 2 : Z Lie (m, q) −→ Z Lie (n, p) by τ (z, 0) = (τ 2 (z), 0), for all z ∈ Z Lie (m, q).
Using Lemma 4.3, for all (z
where µ is as Proposition 3.5. On the other hand,
where d : p) is a linear map. Now the isomorphism τ yields:
Applying assumption b) and Lemma 4.3, we conclude that
Now we define λ : / / 0 is commutative, where ω 1 and τ 2 are the above isomorphisms. Now by the Short Five Lemma [2] , it follows that λ is an isomorphism.
The above Theorem still holds for finite dimensional stem pair of Lie algebras if we drop the assumptions a) and b), see [15] for more details. In Lie algebra theory, it is well-known that the isoclinism between two finite dimensional stem Lie algebras implies isomorphism. For a deeper discussion, we refer the reader to [17] . In the following we provide some conditions to have analogous result. 
